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Abstract
Let Fp,q be the generalized friendship graph K1
∨
(pKq) on pq + 1
vertices obtained by joining a vertex to all vertices of p disjoint copies
of the complete graph Kq on q vertices. In this paper, we prove that
Fp,q is determined by its normalized Laplacian spectrum if and only if
q ≥ 2, or q = 1 and p ≤ 2.
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1 Introduction
Spectral graph theory studies the relations between the structure of a graph
and eigenvalues of matrices associated with it. One of the main problems
in spectral graph theory is which graphs are determined by their spectrum
or equivalently, finding nonisomorphic graphs G and H that have the same
spectrum. Many results on these questions can be found in two excellent
surveys (see [9, 10]) by Van Dam and Haemers.
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Let G be an undirected simple graph with vertex set V (G) and edge set
E(G). Let dv be the degree of a vertex v ∈ V (G). The normalized Laplacian
matrix of a graph G is defined to be L(G) = (luv), where
luv =


1, if u = v and u is not an isolated vertex;
− 1√
dudv
, if u is adjacent to v;
0, otherwise.
The eigenvalues of L(G) are called L−eigenvalues. This paper deals with the
normalized Laplacian matrix of G, so we denote its spectrum of G (the all
eigenvalues L(G) of G, including multiplicities) by Sp(G). We say that G and
H are cospectral if they are not isomorphic, but Sp(G) = Sp(H), and that G
is determined by its normalized Laplacian spectrum if Sp(H) = Sp(G) only
when H is isomorphic to G.
Chung in [4] showed how the normalized Laplacian spectrum reveals fun-
damental properties and structure of a graph. Butler [1] surveyed algebraic
aspects of L(G) and provided (see [2] and [3]) several methods of constructing
cospectral graphs. Almost all small graphs are determined by their normal-
ized Laplacian spectrum (see [3]). The normalized Laplacian spectrum of a
complete graph Kn is 0,
n
n−1 with multiplicities 1 and n − 1 respectively, and
Kn is determined by this spectrum [3].
Butler [1] conjectured that the only graphs cospectral with a cycle are K1,3
and the graph γ4k obtained by identifying the center vertex of a path on 2k+1
vertices and a vertex of a cycle on 2k vertices; i.e., a cycle on n vertices is
determined by its normalized Laplacian spectrum if and only if n > 4 and
4 ∤ n. In general, up to now, there are very few graphs that are known to be
determined by their normalized Laplacian spectrum. In this paper, we present
a family of graphs that are determined by their spectrum.
Denote by Fp,q the graphK1
∨
(pKq) on pq+1 vertices obtained by joining a
vertex to all vertices of p disjoint copies of the complete graph Kq on q vertices.
The friendship graph Fk consists of k edge-disjoints triangles that meet in one
vertex (for the famous friendship theorem, see [6]). Liu et. al. [8] proved the
Fk is determined by its Laplacian spectrum (see also [7]). Wang et. al. [12]
proved that Fk is determined by its signless Laplacian spectrum. Recently,
Cioaba˘ et. al. [5] proved that Fk is determined by its adjacent spectrum if
and only if k 6= 16 , and that for F16, there is only one graph nonisomorphic
to F16, but with the same adjacency spectrum. The friendship graphs are a
subfamily of Fp,q, since Fk = Fk,2.
In this paper we show that Fp,q is determined by its normalized Laplacian
spectrum if and only if q ≥ 2, or q = 1 and p ≤ 2. This shows of course that
the friendship graphs are determined by their normalized Laplacian spectrum.
Theorem 1.1. If q ≥ 2, or q = 1 and p ≤ 2, then Fp,q is determined by its
normalized Laplacian spectrum. If q = 1 and p ≥ 3, then there is a graph G,
not isomorphic to Fp,q such that Sp(G) = Sp(Fp,q).
Corollary 1.2. The friendship graph is determined by its normalized Lapla-
cian spectrum
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2 Proof of Theorem 1.1
In order to prove the main results, we need the following lemmas.
Lemma 2.1. (i). If p = 1, then the normalized Laplacian spectrum of F1,q is
0, 1 + 1
q
with multiplicities 1 and q respectively.
(ii). If p is a positive integer with p ≥ 2, then the normalized Laplacian
spectrum of Fp,q is 0,
1
q
, 1+ 1
q
with multiplicities 1, p− 1 and pq− p+1 respec-
tively.
Proof. (i). Since p = 1, F1,q = Kq+1 and the assertion holds by [3].
(ii). If q = 1, then Fp,q is the star graph K1,p and its normalized Laplacian
spectrum is 0, 1, 2 with multiplicities 1, p − 1 and 1 respectively. If q ≥ 2,
then the normalized Laplacian spectrum of Kq is 0,
q
q−1 with multiplicities 1
and q − 1 respectively. By Proposition 3 in [3], the normalized Laplacian
eigenvalues of Fp,q is 0,
1
q
, 1 + 1
q
with multiplicities 1, p − 1 and pq − p + 1
respectively. Hence (ii) holds.
Lemma 2.2. If q = 1 and p ≤ 2, then Fp,q is determined by its normal-
ized Laplacian spectrum. If q = 1 and p ≥ 3, then there is a graph G, not
isomorphic to Fp,q such that Sp(G) = Sp(Fp,q).
Proof. If q = 1 and p ≤ 2, clearly, Fp,q is K2 or K1,2. So Fp,q is determined
by its normalized Laplacian spectrum. If q = 1 and p ≥ 3, then by [3],
the normalized Laplacian spectrum of Fp,q is the same as that of Kr,s, where
r + s = q + 1. So there is a graph G, not isomorphic to Fp,q such that
Sp(G) = Sp(Fp,q).
From now, we assume that p ≥ 2 and q ≥ 2. In order to characterize
graphs with three normalized Laplacian eigenvalues, for a simple connected
graph G, denote by
d̂u :=
∑
v∼u
1
dv
for u ∈ V (G);
λ̂uv :=
∑
w∼u,w∼v
1
dw
for u ∼ v;
and
µ̂uv :=
∑
w∼u,w∼v
1
dw
for u ≁ v,
where u ∼ v(u ≁ v) means that u and v are (not) adjacent in G. It follows
from Theorem 1 in [11] that the following assertion holds.
Lemma 2.3. Let G be a simple connected graph with m edges and let q ≥ 2
be a positive integer. Then G has three distinct L−eigenvlaues 0, 1
q
, 1 + 1
q
if
and only if the following three properties hold.
d̂u =
(q + 1)d2u
2mq2
+
(q − 1)du
q2
, u ∈ V (G); (1)
3
λ̂uv =
(q + 1)dudv
2mq2
+
q − 2
q
, u ∼ v; (2)
µ̂uv =
(q + 1)dudv
2mq2
, u ≁ v. (3)
Lemma 2.4. Let G = (V (G), E(G)) be a simple graph and let δ be the mini-
mum degree of G. If Sp(G) = Sp(Fp,q) with positive integers p ≥ 2 and q ≥ 2,
then the following three properties hold.
(i). |V (G)| = pq + 1;
(ii). G is connected;
(iii). 2 ≤ δ ≤ q + 1.
Proof. (i) is obvious and (ii) follows from the fact that the number of compo-
nents of G is equal to the multiplicity of 0.
(iii). Let x ∈ V (G) with dx = δ. By (1) in Lemma 2.3, we have
q − 1
q2
dx < d̂x =
∑
w∼x
1
dw
≤ 1.
Hence dx <
q2
q−1 ≤ q + 2. So δ = dx ≤ q + 1 since δ is integer. By (ii),
d(x) = δ ≥ 1. So there exists a vertex u ∈ V (G) such that u ∼ x. By (2) in
Lemma 2.3, λ̂ux > 0. Then there exists another vertex w 6= u, x such that it
is adjacent to both u and x. So δ ≥ 2.
Lemma 2.5. Let G = (V (G), E(G)) be a simple graph with m edges and the
minimum degree δ such that Sp(G) = Sp(Fp,q) with positive integers p ≥ 2
and q ≥ 2. If dx = δ for x ∈ V (G) with the neighbor set N(x) = {y1, . . . , yδ}
and dy1 ≤ · · · ≤ dyδ , then dy1 = δ.
Proof. We consider the following two cases.
Case 1: dy1 ≥ δ + 2. By (1) in Lemma 2.3, we have
(q − 1)δ
q2
=
(q − 1)dx
q2
< d̂x =
∑
w∼x
1
dw
≤
δ
δ + 2
,
which implies δ < q − 1 + 1
q−1 . So δ ≤ q − 1 by q ≥ 2. On the other hand, by
(2) in Lemma 2.3, we have
q − 2
q
< λ̂xy1 =
∑
w∼x,w∼y1
1
dw
≤
δ − 1
δ + 2
,
which implies δ > 3q−4
2
. Hence q − 1 ≥ δ > 3q−4
2
, i.e., q < 2. A contradiction.
Case 2: dy1 = δ + 1. Then |N(x)
⋂
N(y1)| = δ − 1. In fact, suppose that
|N(x)
⋂
N(y1)| < δ − 1. by (2) in Lemma 2.3, we have
q − 2
q
< λ̂xy1 =
∑
w∼x,w∼y1
1
dw
≤
δ − 2
δ + 1
,
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which implies that 3q−2
2
< δ. On the other hand, by (1) in Lemma 2.3, we
have
(q − 1)dx
q2
< d̂x =
δ∑
i=1
1
dyi
≤
δ
δ + 1
,
which implies δ < q + 1
q−1 . So δ ≤ q by q ≥ 2. Hence
3q−2
2
< δ ≤ q, i.e.,
q < 2. This is a contradiction. So |N(x)
⋂
N(y1)| = δ−1, i.e, N(x)
⋂
N(y1) =
{y2, . . . , yδ}. Then by (1) and (2) in Lemma 2.3, we have
(q + 1)d2x
2mq2
+
(q − 1)dx
q2
=
δ∑
i=1
1
dyi
, (4)
(q + 1)dxdy1
2mq2
+
(q − 2)
q
=
δ∑
i=2
1
dyi
. (5)
Hence by (4) and δ + 1 = dy1 ≤ · · · ≤ dyδ , we have
(q − 1)δ
q2
<
δ∑
i=1
1
dyi
≤
δ
δ + 1
.
Thus δ < q + 1
q−1 , i.e., δ ≤ q by q ≥ 2. On the other hand, by (5), we have
q−2
q
< δ−1
δ+1
, which implies that q < δ + 1, i.e., q ≤ δ. Hence δ = q ≥ 2.
Furthermore, by dx = δ = q, subtracting (5) from (4) yields 2m = (δ + 1)
2.
Since dy2 ≥ dy1 ≥ δ + 1, there exists a vertex w /∈ {x, y1, . . . , yδ} with dw ≥
δ ≥ 2 Hence (δ + 1)2 = 2m ≤ δ + (δ + 1)δ + 2 = (δ + 1)2 + 1, which is a
contradiction.
Therefore by Cases 1 and 2, we have dy1 = δ and the assertion holds.
Lemma 2.6. Let G = (V (G), E(G)) be a simple graph with m edges and the
minimum degree δ such that Sp(G) = Sp(Fp,q) for positive integers p ≥ 2 and
q ≥ 2. If dx = δ for x ∈ V (G) with the neighbor set N(x) = {y1, . . . , yδ} and
dy1 ≤ · · · ≤ dyδ , then N(x)
⋂
N(y1) = {y2, . . . , yδ}.
Proof. By Lemma 2.5, dy1 = δ. Now we consider the following two cases.
Case 1: |N(x)
⋂
N(y1)| ≤ δ − 3. By (2) in Lemma 2.3, we have
q − 2
q
< λ̂xy1 =
∑
w∼x,w∼y1
1
dw
≤
δ − 3
δ
,
which yields that 3q
2
< δ. By Lemma 2.4(iii), we get 3q
2
< δ ≤ q+1, i.e., q < 2.
This contradicts to the condition.
Case 2: |N(x)
⋂
N(y1)| = δ−2. By (2) in Lemma 2.3, we have
q−2
q
< δ−2
δ
,
which yields q < δ, i.e., q ≤ δ − 1. By Lemma 2.4(iii), we have δ = q + 1. By
(1) and (2) in Lemma 2.3, we have
(q + 1)d2x
2mq2
+
(q − 1)dx
q2
=
δ∑
i=1
1
dyi
, (6)
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(q + 1)dxdy1
2mq2
+
q − 2
q
=
δ∑
i=2
1
dyi
−
1
dyj
for some 2 ≤ j ≤ δ. (7)
By dx = δ = q + 1 and dy1 = δ, subtracting (7) from (6) yields
(q − 1)(q + 1)
q2
−
q − 2
q
=
1
q + 1
+
1
dyj
.
Hence dyj = q +
q
q2+q−1 contradicts the fact that dyj is an integer.
Hence by Cases 1 and 2, we have |N(x)
⋂
N(y1)| = δ− 1 and the assertion
holds.
Lemma 2.7. Let G = (V (G), E(G)) be a simple graph with m edges and the
minimum degree δ such that Sp(G) = Sp(Fp,q) for positive integers p ≥ 2 and
q ≥ 2. If dx = δ for x ∈ V (G) with the neighbor set N(x) = {y1, . . . , yδ}
and δ = dx = dy1 = · · · = dyk < dyk+1 ≤ · · · ≤ dyδ for 1 ≤ k ≤ δ − 1, then
N(x)
⋂
N(yi) = {y1, . . . , yi−1, yi+1, . . . , yδ} for i = 1, . . . , k and dyk+1 ≥ δ + 2.
Proof. By Lemma 2.6 and δ = dx = dy1 = · · · = dyk , it is easy to see that
N(x)
⋂
N(yi) = {y1, . . . , yi−1, yi+1, . . . , yδ} for i = 1, . . . , k. Now we prove
that dyk+1 ≥ δ + 2. Suppose that dyk+1 < δ + 2. Then dyk+1 = δ + 1 by
dyk+1 > dyk = δ. We consider the following three cases.
Case 1: |N(x)
⋂
N(yyk+1)| ≤ δ − 3. By (2) in Lemma 2.3, we have
q − 2
q
< λ̂xyk+1 =
∑
w∼x,w∼yk+1
1
dw
≤
δ − 3
δ
,
which implies that δ > 3q
2
. By Lemma 2.4 (iii), δ ≤ q + 1. Thus we have
q + 1 > 3q
2
, i.e., q < 2. A contradiction.
Case 2: |N(x)
⋂
N(yyk+1)| = δ − 2. By (2) in Lemma 2.3, we have
q − 2
q
< λ̂xyk+1 ≤
δ − 2
δ
.
Then q < δ, i.e., q + 1 ≤ δ. By Lemma 2.4 (iii), δ ≤ q + 1. Thus we have
δ = q + 1. By (1) and (2) in Lemma 2.3, we have
(q + 1)d2x
2mq2
+
(q − 1)dx
q2
=
δ∑
i=1
1
dyi
(8)
and
(q + 1)dxdyk+1
2mq2
+
q − 2
q
=
δ∑
i=1
1
dyi
−
1
dyk+1
−
1
dj
for some k + 2 ≤ j ≤ δ. (9)
By dx = δ = q + 1 and dyk+1 = δ + 1 = q + 2, subtracting (9) from (8) yields
that
1
dyj
=
q2 + 3q − 2
q2(q + 2)
−
(q + 1)2
2mq2
.
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Since 2m ≥ dx + dy1 + · · ·+ dyδ > δ(δ + 1) = (q + 1)(q + 2), we have
1
dyj
>
q2 + 3q − 2
q2(q + 2)
−
(q + 1)2
(q + 1)(q + 2)q2
.
So dyj < q + 2 = δ + 1 contradicts that dyj ≥ dyk+1 = δ + 1.
Case 3: |N(x)
⋂
N(yyk+1)| = δ − 1. Then N(x)
⋂
N(yyk+1) = {y1, . . . , yk,
yk+2, . . . , yδ}. By (1) and (2) in Lemma 2.3, we have
(q + 1)d2x
2mq2
+
(q − 1)dx
q2
=
δ∑
i=1
1
dyi
, (10)
(q + 1)dxdyk+1
2mq2
+
q − 2
q
=
δ∑
i=1
1
dyi
−
1
dyk+1
. (11)
Subtracting (11) from (10) yields that
(q − 1)δ
q2
=
q − 2
q
+
1
δ + 1
+
(q + 1)δ
2mq2
. (12)
By δ ≤ q + 1 in Lemma 2.4 and (12), we have
(q − 1)δ
q2
>
q − 2
q
+
1
q + 2
,
which implies δ > q − 1 by q ≥ 2. Hence δ = q or δ = q + 1. We consider the
following two subcases.
Subcase 3.1: δ = q. By (12), we have
2m = (q + 1)2.
Furthermore, by (10), we have
1
q + 1
+
q − 1
q
=
δ∑
i=1
1
dyi
≤
k
δ
+
δ − k
δ + 1
.
Thus k ≥ δ − 1 and k = δ − 1. Since dk+1 = δ + 1, there exists a vertex z ∈
V (G)\{x, y1, . . . , yδ} such that z ∼ yδ. Furthermore, N(z)
⋂
{x, y1, . . . , yδ−1} =
∅. So there exists another vertex w ∈ V (G) \ {x, y1, . . . , yδ, z} by dz ≥ δ ≥ 2.
Therefore, 2m ≥ δ2+(δ+1)+ dz + dw > (δ+1)
2 = (q+1)2 which contradicts
to 2m = (q + 1)2.
Subcase 3.2: δ = q + 1. By (12), we have
2m =
(q + 1)2(q + 2)
q2 + 3q − 2
< 2q + 2.
It is a contradiction. Hence dyk+1 ≥ δ + 2 and the assertion holds.
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Lemma 2.8. Let G = (V (G), E(G)) be a simple graph with m edges and the
minimum degree δ such that Sp(G) = Sp(Fp,q) for positive integers p ≥ 2 and
q ≥ 2. If dx = δ for x ∈ V (G) with the neighbor set N(x) = {y1, . . . , yδ} and
δ = dx = dy1 = · · · = dyk < dyk+1 ≤ · · · ≤ dyδ for some 1 ≤ k ≤ δ − 1, then
(i) δ = q.
(ii) N(x)
⋂
N(yk+1) = {y1, · · · , yk, yk+2, · · · , yδ}.
(iii) k = q − 1.
(iv) dyq = pq and dw = q for w ∈ V (G) \ {yq}.
(v). 2m = pq(q + 1).
Proof. (i). By Lemma 2.7, we haveN(x)
⋂
N(yk) = {y1, · · · , yk−1, yk+1, · · · , yδ}.
Hence by (1) and (2) in Lemma 2.3, we have
(q + 1)d2x
2mq2
+
(q − 1)dx
q2
=
δ∑
i=1
1
dyi
, (13)
(q + 1)dxdyk
2mq2
+
q − 2
q
=
δ∑
i=1
1
dyi
−
1
dyk
. (14)
By dx = dyk = δ, subtracting (14) from (13) yields
(q−1)δ
q2
− q−2
q
= 1
δ
. So δ = q
and (i) holds.
(ii). Suppose that |N(x)
⋂
N(yk+1)| ≤ δ − 2. Then by (2) in Lemma 2.3,
we have
q − 2
q
< λ̂xyk+1 =
∑
w∼x,w∼yk+1
1
dw
≤
δ − 2
δ
.
So q < δ, which contradicts to (i). So |N(x)
⋂
N(yk+1)| = δ−1 and (ii) holds.
(iii). By (2) in Lemma 2.3 and (ii), we have
(q + 1)dxdyk
2mq2
+
q − 2
q
=
δ∑
i=1
1
dyi
−
1
dyk
, (15)
(q + 1)dxdyk+1
2mq2
+
q − 2
q
=
δ∑
i=1
1
dyi
−
1
dyk+1
. (16)
Subtracting (15) from (16) yields
(q + 1)dx(dyk+1 − dyk)
2mq2
= −
1
dyk+1
+
1
dyk
.
Moreover, by dyk+1 > dyk = dx = δ = q from (ii), we have 2m = (q + 1)dyk+1.
Furthermore, by (1) in Lemma 2.3,
(q + 1)d2x
2mq2
+
(q − 1)dx
q2
=
δ∑
i=1
1
dyi
≤
k
δ
+
δ − k
dyk+1
.
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By 2m = (q + 1)dyk+1 and dx = δ = q, we have
1
dyk+1
+
q − 1
q
≤
k
q
+
q − k
dyk+1
,
i.e., (q− k− 1)(dyk+1 − q) ≤ 0. So k ≥ q− 1 = δ− 1. Hence k = δ− 1 = q− 1
and (iii) holds.
(iv). By (iii), 2m = (q+1)dyδ . Moreover, by Lemma 2.4 (i), |V (G)| = pq+1.
Hence
(δ + 1)dyδ = 2m = dyδ +
∑
w 6=yδ
dw ≥ dyδ + δ(pq). (17)
Hence dyδ ≥ pq. However, dyδ ≤ |V (G)| − 1 = pq. So dyδ = pq. Furthermore,
(17) becomes equality, which implies dw = δ for w 6= yδ. So (iv) holds.
(v). By (i), (iii) and (iv), we have q = δ, 2m = (q + 1)dyδ and dyδ = pq,
which implies 2m = (q + 1)pq.
Now we are ready to prove the main theorem in this paper.
Proof of Theorem 1.1. If p = 1, then F1,q = Kq+1, so it is determined
by its normalized Laplacian spectrum. If q = 1 and p ≤ 2, or q = 1 and p ≥ 3,
the assertion follows from Lemma 2.2.
Now we assume that p ≥ 2 and q ≥ 2. Let G be any graph with Sp(G) =
Sp(Fp,q). Then G is a connected graph on pq + 1 vertices by Lemma 2.4.
Furthermore let dx = δ(G) for x ∈ V (G) and N(x) = {y1, . . . , yδ} with dy1 ≤
· · · ≤ dyδ . By Lemma 2.5, dy1 = δ. Hence we assume that δ = dy1 = · · · =
dyk < dyk+1 ≤ · · · ≤ dyδ , 1 ≤ k ≤ δ. Then 1 ≤ k ≤ δ − 1, otherwise G = Kδ+1
has only two distinct L− eigenvalues. Hence by Lemma 2.8, we have δ = q,
dy1 = · · · = dyq−1 = q and the induced subgraph G[x, y1, · · · , yq−1] by vertex
set {x, y1, · · · , yq−1} is a clique of order q. Furthermore, yq is adjacent to each
vertex in G. For any u ∈ V (G) \ {x, y1, . . . , yq}, then u is not adjacent to
x, y1, . . . , yq−1. By (3) in Lemma 2.3, we have
µ̂ux =
∑
w∼u,w∼v
1
dw
=
1
dyq
=
(q + 1)dudx
2mq2
.
By Lemma 2.8, du = q = δ, i.e., the degree of each vertex except yq in V (G) is
q. Choosing any vertex v ∈ V (G)\{x, y1, . . . , yq}, let N(v) = {z1, . . . , zq−1, yq}
since dv = q and yq ∼ v. Then dz1 = · · · = dzq−1 = q andN(z)
⋂
{x, y1, . . . , yq} =
{yq}. By (2) in Lemma 2.3, we have
(q + 1)dvdzi
2mq2
+
q − 2
q
=
∑
w∼v,w∼zi
1
dw
=
1
dyq
+
|N(v)
⋂
N(zi) \ {yq}|
q
,
for v ∼ zi. Since 2m = pq(q + 1), dv = dzi = q and dyq = pq, we have
|N(v)
⋂
N(zi) \ {yq}| = q − 1. Hence the induced subgraph G[v, z1, . . . , zq−1]
by vertex set {v, z1, . . . , zq−1} is a clique of order q. By repeating the above
process, G must be Fp,q. So the assertion holds. 
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